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8U·��ù� Brown $Ä, Ù¢´� ///ªªª...²²²(((000.

⋄ 1827 c, =I�ÔÆ[ÙKuys®�â3YpÏa, Ø�
���o;

⋄ 1900 c, L. Bachelier �Æ¬Ø© ThWorie de la spWculation
(ÝÅnØ), ´ú@�7KêÆ��ÅL§37K¥A^�
mì��, 'OÏd"�ÙK$ÄÔn)º��@ 5 c;

⋄ 1905 c, OÏd"^ÚOÔn)º
ù�y�;

⋄ 1923 c, êÆ[ Wiener y²
ù�L§3êÆþ´�3�;

⋄ 1973 c, Black & Scholes r§^�
Ï�½dp, ��<

ì��ø.

��Ôny�, ��¤
7Kó§�Ø%óä. §�.k�o 
å?
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��o�d�^ Brown $Äï�?—– l�*�½Â

�d�ü�Ø%A�, ´·�ÀJ Brown $Ä����Ï:

1. (ëëëYYYÅÅÅÄÄÄ) n��¹e, �dØ¬u)]maC, d���
m�Cz´ëY�, Ò��^vkä:�­�.

2. (??????ØØØ������) �dvk /(½�]�CzÇ0, \[�é
Ø��^��, UÚ�d­�3,�: /��0. §��5
r�´���Å�, Ø�3­½�ª³.

Brown $Ä, ´1��3êÆþî��x
 ëëëYYY���??????ØØØ������
��Å;���..
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1. (ëëëYYYÅÅÅÄÄÄ) n��¹e, �dØ¬u)]maC, d���
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2. (??????ØØØ������) �dvk /(½�]�CzÇ0, \[�é
Ø��^��, UÚ�d­�3,�: /��0. §��5
r�´���Å�, Ø�3­½�ª³.
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Brown $Ä���´»wq²w, ¢K??Ø��. ù�A5�
{éA
�d�1�:

d�´ëYCz�, �Ø�3­½� /]�ÂÃÇ0.

�´Ï�ù�:,·�ØU^ÊÏ�È©5?n�d�., 7LÚ
\�Å�È©ù��#óä.

���ÙÙÙ888III:

⋄ k
) Brown $Ä�Ä�½Â�5�, ïállÑ�Åir
�ëY�Å©Û�xù;

⋄ ��ÝºÙK$Ä�Ø%5���B�È©, �ªn)
Black-Scholes �.�.�Ü6.
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Brown $Ä���´»wq²w, ¢K??Ø��. ù�A5�
{éA
�d�1�:

d�´ëYCz�, �Ø�3­½� /]�ÂÃÇ0.

�´Ï�ù�:,·�ØU^ÊÏ�È©5?n�d�., 7LÚ
\�Å�È©ù��#óä.

���ÙÙÙ888III:

⋄ k
) Brown $Ä�Ä�½Â�5�, ïállÑ�Åir
�ëY�Å©Û�xù;

⋄ ��ÝºÙK$Ä�Ø%5���B�È©, �ªn)
Black-Scholes �.�.�Ü6.
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½Â 7.1.1:

e�ÅL§ {B(t), t ≥ 0} ÷v
(1) ÕÕÕááá���þþþ: B(t) ´ÕáOþL§;

(7K¹Â: �5d�Cz�{¤Ã', éAfªk�½|b�)

(2) ������©©©ÙÙÙOOOþþþ: é?¿ s, t > 0, B(s + t)− B(s) ∼ N(0, t);
(7K¹Â: ÅÄ����m�²��¤�', ´ÅÄÇï��Ø%)

(3) ´́́»»»ëëëYYY: t 7→ B(t) (A�??)´ëY¼ê.
(7K¹Â: d�Ø¬aC, éAÃ�´¤��ëY½|b�)

K¡ {B(t), t ≥ 0} � Brown $$$ÄÄÄ½Wiener LLL§§§.

AO�, � B(0) = 0 �, ¡ {B(t), t ≥ 0} �IIIOOO Brown $$$ÄÄÄ,

(eÃAÏ`², e¡Ä�Ñ�Ä�´IO Brown $Ä.)

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

7KÀ��)Ö

⋄ �����Ç3ê¶þÏr(Random Walk): z�ÚÕá!
���Å, ù´�dÅÄ�lÑ�.;

⋄ 37K¥, Brown $Ä´ xxxDDD((((�Å6Ä)�È©, ´£ã
�dëY�ÅÅÄ��Ä:�óä;

⋄ §�{�x
�d�Ø%A�: ÅÄ�Å!´»ëY!%?
?Ø��, ´Ï�½d!ºx+n�êÆÄ�.
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�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
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|^ Brown $Ä�ÕáOþ5���5O�. ù
O�´n)�
dÅÄ�'5!^�©Ù�Ä:.

~ 7.1.1 b� {B(t), t ≥ 0} ´�� Brown $Ä, ¦:

(1) B(1) + 3B(2) �©Ù;
(2) Cov(B(1) + B(3),B(3)− B(2));
(3) P(B(6) ≤ 3|B(1) = 1,B(3) = 2).
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��o Brown $Äé­�?

⋄ ÃÃÃ������555(Markov 555): �5�d�Cz��6�cd�, Ú
{¤´»Ã'.

⋄ ���555: E[B(t)|Fs ] = B(s). ù´ú²½|!Ã@|½d�ê
Æ£ã.

⋄ ggg���qqq555 (Self-similarity):

{cB(t/c2)} d
= {B(t)}

��½ ��mºÝ, §wå5�´��/o÷0.
(777KKK¹¹¹ÂÂÂ: ÃØwF�!����´©¨�, �dÅÄ�
/o÷§Ý0 Ñ��, éAÅÄÇ��mºÝØC5)

⋄ ���mmm���===µB̃(t) = tB(1/t) �´ Brown $Ä, `²L�Ú
�5�ÅÄ5Æ´é¡�.
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k��©Ù

½n 7.2.3

é?¿ 0 = t0 < t1 < · · · < tn, (B(t1), · · · ,B(tn)) �éÜ�Ý
�

ft1,··· ,tn(x1, · · · , xn) =
n

∏
i=1

pti−ti−1(xi − xi−1).

Ù¥ pt(x) =
1√
2πt

e−
x2

2t , x0 = 0.

ù�úª���, ´r�d�´»©)¤
ÕáOþ:

z�ã�d�CzÑÑl��©Ù, ��pÕá.
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���n�Ä��m
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y∗. (é n ^êÆ8B{) � n = 2 �, d Markov 5Ú²­5,

P(B(t2) ≤ x2|B(t1) = x1) = P(B(t2)− B(t1) ≤ x2 − x1),

�½ B(t1) = x1, B(t2) �^��Ý

ft2(x2|X (t1) = x1) = pt2−t1(x2 − x1).

¤±d^��Ý�5�,

ft1,t2(x1, x2) = ft2(x2|X (t1) = x1)pt1(x1)

= pt1(x1)pt2−t1(x2 − x1).

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
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� n = k ��ª¤á, Ón

P(B(tk+1) ≤ xk+1|B(tk) = xk ,B(tj ) = xj , 1 ≤ j ≤ k − 1)

=P(B(tk+1)− B(tk) ≤ xk+1 − xk |B(tk) = xk)

=P(B(tk+1)− B(tk) ≤ xk+1 − xk).

∴ ftk+1
(xk+1|B(tj ) = xj , 1 ≤ j ≤ k − 1) = ptk+1−tk (xk+1 − xk).

l


ft1,··· ,tk+1
(x1, · · · , xk+1)

=ft1,··· ,tk (x1, · · · , xk)ftk+1
(xk+1|B(tj ) = xj , 1 ≤ j ≤ k − 1)

=pt1(x1)pt2−t1(x2 − x1) · · · ptk+1−tk (xk+1 − xk).
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���n�Ä��m
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e¡ù�~féA7Kp���²;¯K: ®��¦3�m t �d�´ B, ¦§3¥m�� s �d�©Ù.

~ 7.2.1 (Brown x) é?¿ s < t, ¦ B(s)|B(t) = B �©Ù, Ù¥
B ´?¿¢ê. ¯¢þ, Ï�

fs |t(x |B) =
ps(x)pt−s(B − x)

pt(B)
= c1 exp{−

x2

2s
− (B − x)2

2(t − s)
}

= c2 exp{−
t(x − Bs/t)2

2s(t − s)
},

¤±^�©Ù�´��©Ù. �A�

E[B(s)|B(t) = B ] = Bs/t,
D(B(s)|B(t) = B) = s(t − s)/t.

��Ø�6u B, =XJ s/t = α ∈ (0, 1)§ K

B(s)|B(t) ∼ N(αB(t), α(1− α)t).

♯
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Brown x37Kp�;.A^|µ

⋄ ´́́»»»���666¯̄̄KKK���©©©ÛÛÛ������[[[
3®�å:Úª:�^�e, ïÄ¥m���©Ù, ´�Y
�Å©ÛÚ7KA^�Ä:.

⋄ ÚÚÚOOOíííäää
�^u^�©Ù��E�u�, ´VÇÚO¥~^�^�L
§�..
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Gauss L§

½Â 7.2.1:

eL§ {X (t), t ∈ T} é?¿ t1 < t2 < · · · < tn,

(X (t1), · · · ,X (tn))

�éÜ©Ù� n ���©Ù,K¡ {X (t), t ∈ T} � Gauss LLL§§§.

7Kpéõ�.Ñ´ Gauss L§, ùÜ©´�·��Y�E�E,��d�.�Ä:.

5. 1 Gauss L§�VÇ5�dþ�¼êÚ���¼ê��(½.
2 w,, Brown $Ä´ Gauss L§.
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�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

�½½n

�ä�� Gauss L§� Brown $Ä�¿�^�.

½n 7.2.4:

� {B(t), t ≥ 0} ´;�ëY� Gauss L§, B(0) = 0 �

EB(t) = 0, E[B(s)B(t)] = t ∧ s (∀s, t > 0), (A)

K {B(t), t ≥ 0} ´ Brown $Ä. ��½,.
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�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

y. (¿©5) e B � Brown $Ä, K B � GaussL§.
d Brown $Ä�½Â��, ;�ëY� EB(t) = 0.
- 0 < s ≤ t,

E[B(t)B(s)] = E[(B(t)− B(s) + B(s))B(s)]

=E[B(t)− B(s)]E[B(s)] + s = s

¤±,
E[B(t)B(s)] = t ∧ s.
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���n�Ä��m
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(7�5) e B ´ Gauss L§�÷v (A) ª, Ké?¿ s, t > 0,

E[B(t)− B(s)] = E[B(t)]− E[B(s)] = 0,

E[B(t)− B(s)]2 = EB2(t) + EB2(s)− 2E[B(t)B(s)]

=t + s − 2(t ∧ s) = |t − s |.

�� B ´²­Oþ�, 
é?¿ s1 < t1 < s2 < t2,

E[(B(t1)− B(s1))(B(t2)− B(s2))]

=E[B(t1)B(t2)]− E[B(t1)B(s2)]

− E[B(s1)B(t2)] + E[B(s1)B(s2)]

=t1 − t1 − s1 + s1 = 0.

� B ´ÕáOþ�, db�q´ëY;��, ¤± B ´ BM.
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Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

dþ�±íÑ Brown $Ä�ü�Ø%ºÝ5�:

íØ 7.2.1

e {B(t), t ≥ 0} ´ Brown $Ä, a, δ > 0, K

1 ²²²£££ØØØCCC555: {B(t + a)− B(a); t ≥ 0} ´ Brown $Ä;
(7K¹Â: �dÅÄvk�mPÁ�A. Ø+l=�Um©*	�d, �5ÞO�©Ù5Æ[���,�{é

Afªk�½|b�)

2 ggg���qqq555: {B(δt)/
√

δ; t ≥ 0} ´ Brown $Ä.
(7K¹Â: �dF�!���!©¨�, ÅÄ/������ ÅÄÇ��m²�� �, ù´7KÅÄÇï

�!Ï�(�!VaR ºxO��Ø%�â)

ù´�E¤këY�m�d�.�Ä:�¬.
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Brown $Ä�²£ØC5ã«
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

Brown $Ä�g�q5ã«

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��
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Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

e¡�(J`² BM äk�m�üé¡5.

½n 7.2.5 (�m�ü)

� B̃(t) :=
{

tB(1/t), t > 0,
0, t = 0,

K {B̃(t), t ≥ 0} ´ BM.

y. ´y {B̃(t), t ≥ 0} ´ Gauss L§, � ∀t, s ≥ 0

E[B̃(t)] = 0, E[B̃(t)B̃(s)] = t ∧ s.

 y: limt↓0 B̃(t) = 0 a.s..
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

¯¢þ,

F̃ := {lim
t↓0

B̃(t) = 0} =
∞⋂

m=1

∞⋃
n=1

⋂
t∈Q∩(0,1/n)

{|B̃(t)| < 1/m},

F := {lim
t↓0

B(t) = 0} =
∞⋂

m=1

∞⋃
n=1

⋂
t∈Q∩(0,1/n)

{|B(t)| < 1/m},

Ï� {B̃(t), t ≥ 0} � {B(t), t ≥ 0} k�Ó�k��©Ù, ¤±

P(F̃ ) = P(F ) = 1.
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

'X®��5d�, �íL�´»�©Ù, ^u´́́»»»���666ÏÏÏ����
£�u�.

Ö¿~. � {B(t), t ≥ 0} ´IO Brown $Ä, |^ BM ��m�ü
é¡5, ¦

P(B(0.5) ≤ 1|B(1) = 1,B(2) = 2).
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

½n 7.3.1: (���n)

�½¢ê b, -

B̂(t) :=
{

B(t), t < Tb,
2b− B(t), t ≥ Tb,

K {B̂(t), t ≥ 0} �´ Brown $Ä.
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

êÆþî�¤á�é¡'X: z^”>-b��ª$ub”�´»,
Ñ��éA�^”>-b��ªpub”�º�´».

���***)))ººº: 3æNÏ�½d¥,

⋄ æNd b: XÏ�Ü�¥�”vÑd”;

⋄ ”Q²>9 b”: Ï��>u^�;

⋄ º��n: ò”{¤�pd ≥ b”�E,´»,=z�”Ï"d
� ≥ b”�{üVÇ¯K.
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

���Cþ, ½¡���i§

Mt := sup{B(u), u ≤ t}.

5. é?¿ b, y , t ≥ 0,

P(Mt ≥ b,B(t) ≤ b− y) = P(B(t) ≥ b+ y).

¯¢þ, é?¿ b, y , t ≥ 0,

P(Mt ≥ b,B(t) ≤ b− y)

=P(M̂t ≥ b, B̂(t) ≥ b+ y) = P(B̂(t) ≥ b+ y)

=P(B(t) ≥ b+ y).
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

íØ 7.3.1:

(2) (���������CCCþþþ���©©©ÙÙÙ) Mt � |B(t)| Ó©Ù:

P(Mt ≥ b) = 2P(B(t) ≥ b), ∀b ≥ 0;

(3) é?¿ b ̸= 0,

fTb
(t) =

|b|√
2πt3

exp{−b2

2t
}, t > 0.

5. ù´��þ�©Ù, � ETb = ∞. �*/`, �,A�7,
¬u)>�, �²þI���mÃ¡�.
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

y. (2) ∀b > 0,

P(Mt ≥ b)

=P(Mt ≥ b,B(t) > b) + P(Mt ≥ b,B(t) ≤ b)

=2P(B(t) ≥ b);
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

y. (3) é?¿ b > 0, t > 0,

P(Tb ≤ t) = P(Mt ≥ b) = 2(1− Φ(b/
√
t)).

∴ fTb
(t) = 2ϕ(b/

√
t)
1

2

b√
t3

=
b√
2πt3

exp{−b2

2t
}.

l


ETb =
∫ ∞

0

b√
2πt

exp{−b2

2t
}dt = ∞.
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

5¿�, IO Brown $Ä B(t) �U�K�, ��¦d�ØU�K, �Ú\AÛ Brown $Ä.

~ 7.4.2 (éê/AÛ Brown $Ä, Geometric Brownian Motion)
� W (t) := eB(t), t ≥ 0. 5¿�, d B(t) ∼ N(0, t), ���
AÝ1¼ê

s 7→ E[esB(t)] = e
ts2

2 .

l


E[W (t)] = E[eB(t)] = e
t
2 ,

D(W (t)) = E[e2B(t)]− et = e2t − et .

k�éê Brown $Ä�À��éCz� i.i.d. �/��.. ♯

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

AAAÛÛÛ Brown $$$ÄÄÄ: 7K½|�Ä�.

S(t) = S0 exp

{
(µ − 1

2
σ2)t + σB(t)

}
⋄ ëëëêêê¹¹¹ÂÂÂµ

1 S0: Ð©�d;
2 µ: ¤£Ç(Ï"ÂÃÇ);
3 σµÅÄÇ(ºx).

⋄ 555���: S(t) [��u 0, �éêÂÃÇ ln S(t) Ñl��©
Ù.

⋄ AAA^̂̂: Black-Scholes Ï�½d�.�Ø%b�.
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

37K¥, k�·�I�£ã/²þ|Ç0½/\Èºx0. Ú
\Xe|Ç�.: ÈÈÈ©©© Brown $$$ÄÄÄ.

~ 7.4.3 - S(t) :=
∫ t

0
B(u)du, K¡ {S(t), t ≥ 0} �È© Brown $

Ä½ Brown $Ä�È©.
�*/`, t ��û¬�d�� S(t), ÙCzÇ´ B(t):

d
dt

S(t) = B(t).

1 S(t) �,´ Gauss L§;
2 555���: �, B(t) Ø��, � S(t) ´���(Ï�È©²w

D();

3 AAA^̂̂: 3 Vasicek ½ Hull-White |Ç�.¥, ¬^�aq�(
�5£ãþ�£8�|ÇL§.
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Brown $Ä��

�o´ Brown $Ä?
Ø%5�(ÕáOþ, ��5, ´»ëY)
���n�Ä��m
7KA^: �dï��Ï�½d

~ 7.4.3 (Y) d Fubini ½n, ·�k

E[S(t)] =
∫ t

0
E[B(u)]du = 0,

D(S(t)) = E[
∫ t

0

∫ t

0
B(v)B(u)dudv ]

=
∫ t

0

∫ t

0
E[B(v)B(u)]dudv

=
∫ t

0

∫ t

0
u ∧ vdudv = 2

∫ t

0
du

∫ u

0
vdv

=
∫ t

0
u2du =

t3

3
.

♯
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Brown $Ä��
�gC�

e¡'5 Brown $Ä�;�5�.

Ún 7.5.1

� D = {0 = t0 < t1 < · · · < tn = t} ´«m [0, t] �k�y©,

VD
2 =

n

∑
l=1

|Btl − Btl−1
|2 : ¡� B 3©y D þ��gC�,

@o

EVD
2 = t,

E

{(
VD
2 − EVD

2

)2
}

= 2
n

∑
l=1

(tl − tl−1)
2.
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Brown $Ä��
�gC�

½n 7.5.1

� B = (Bt)t≥0 ´��IO Brown $Ä, D ´«m [0, t] þ�k
�©y, �

m(D) = max
l

|tl − tl−1|,

Ké?Û t > 0,

lim
m(D)→0

VD
2 = t with probability 1.

⋄ ¹¹¹ÂÂÂ: �,´»´ëY�, �§�oC�(�Ý)´Ã¡�!

⋄ 777KKKééé«««: �d´»4Ù/­ò0, Ã{^DÚ��È©(Ú
î-4ÙZ]úª)��?n.

⋄ íííØØØ: dB(t) · dB(t) = dt. ù´ Itô È©�Ä:.
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Brown $Ä��
�gC�

y∗. Äuc¡�Ún, ·�k

E

∣∣∣∣∣∑
l

|Btl − Btl−1
|2 − t

∣∣∣∣∣
2

= E

∣∣∣VD
2 − E

(
VD
2

)∣∣∣2
= 2

n

∑
l=1

(tl − tl−1)
2

≤ 2m(D)
n

∑
l=1

(tl − tl−1)

= 2tm(D),

Ïd

lim
m(D)→0

E

∣∣∣∣∣∑
l

|Btl − Btl−1
|2 − t

∣∣∣∣∣
2

= 0 .
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

ëY��½Â

� (Gt) ´��(&E)6: ∀t ≥ 0, Gt ´��¯���

Gs ⊂ Gt , 0 ≤ s < t.

½Â 7.6.1

� {Xt} ´��·Au6 (Gt) ��ÅL§, = ∀t ≥ 0, Xt 'u
Gt �ÿ. XJ

(1) é?Û t, k E[|Xt |] < ∞;

(2) é?Û s < t k
E[Xt |Gs ] = Xs ,

K¡ {Xt} ´�. þ�e��½Âaq.
��ëY�ÅL§XJ´�, K¡�ëY�.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

d Brown $Äp���

~ 2. � {Bt} ´'u6 (Gt) �IO Brown $Ä, @o
(1) {Bt} ´��.
(2) {B2

t − t} ´�.

¯¢þ, (1) Ï� Bt − Bs � Gs Õá, ¤±

E[Bt − Bs |Gs ] = E[Bt − Bs ] = 0.

(2) (Bt − Bs)2 � Gs Õá, ¤±

e[(Bt − Bs)
2|Gs ] = E[(Bt − Bs)

2] = t − s,

½ö, �â^�Ï"5�

E[(Bt − Bs)
2|Gs ] = E[B2

t − 2(Bt − Bs)Bs − B2
s |Gs ]

= E[B2
t − B2

s |Gs ] = t − s.

♯
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

d Brown $Äp���

~ 2. � {Bt} ´'u6 (Gt) �IO Brown $Ä, @o
(1) {Bt} ´��.
(2) {B2

t − t} ´�.

¯¢þ, (1) Ï� Bt − Bs � Gs Õá, ¤±

E[Bt − Bs |Gs ] = E[Bt − Bs ] = 0.

(2) (Bt − Bs)2 � Gs Õá, ¤±

e[(Bt − Bs)
2|Gs ] = E[(Bt − Bs)

2] = t − s,

½ö, �â^�Ï"5�

E[(Bt − Bs)
2|Gs ] = E[B2

t − 2(Bt − Bs)Bs − B2
s |Gs ]

= E[B2
t − B2

s |Gs ] = t − s.

♯

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

d Brown $Äp���

~ 2. � {Bt} ´'u6 (Gt) �IO Brown $Ä, @o
(1) {Bt} ´��.
(2) {B2

t − t} ´�.

¯¢þ, (1) Ï� Bt − Bs � Gs Õá, ¤±

E[Bt − Bs |Gs ] = E[Bt − Bs ] = 0.

(2) (Bt − Bs)2 � Gs Õá, ¤±

e[(Bt − Bs)
2|Gs ] = E[(Bt − Bs)

2] = t − s,

½ö, �â^�Ï"5�

E[(Bt − Bs)
2|Gs ] = E[B2

t − 2(Bt − Bs)Bs − B2
s |Gs ]

= E[B2
t − B2

s |Gs ] = t − s.

♯
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

�½ x ∈ R, {exBt−x2t/2 : t ≥ 0} ´�, ¡�����êêê���.

¯¢þ, Oþ�¼ê ex(Bt−Bs ) � Gs Õá�§�Ï"�
ex

2(t−s)/2, ¤±

E[ex(Bt−Bs )|Gs ] = ex
2(t−s)/2,

½ö
E[exBt−x2t/2|Gs ] = exBs−x2s/2.

5. `�ê�´�­�����Ï´§XÓ��1�:

exBt−x2t/2 = 1+ (xBt − x2t/2) +
1

2
(xBt − x2t/2)2 + · · ·

= 1+ xBt +
1

2
x2(B2

t − t) +
1

3!
x3(B3

t − 3tBt) + · · · ,

l
wÑ {Bt}, {B2
t − t} �k {B3

t − 3tBt} Ñ´�.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

�½ x ∈ R, {exBt−x2t/2 : t ≥ 0} ´�, ¡�����êêê���.

¯¢þ, Oþ�¼ê ex(Bt−Bs ) � Gs Õá�§�Ï"�
ex

2(t−s)/2, ¤±

E[ex(Bt−Bs )|Gs ] = ex
2(t−s)/2,

½ö
E[exBt−x2t/2|Gs ] = exBs−x2s/2.

5. `�ê�´�­�����Ï´§XÓ��1�:

exBt−x2t/2 = 1+ (xBt − x2t/2) +
1

2
(xBt − x2t/2)2 + · · ·

= 1+ xBt +
1

2
x2(B2

t − t) +
1

3!
x3(B3

t − 3tBt) + · · · ,

l
wÑ {Bt}, {B2
t − t} �k {B3

t − 3tBt} Ñ´�.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

�½ x ∈ R, {exBt−x2t/2 : t ≥ 0} ´�, ¡�����êêê���.

¯¢þ, Oþ�¼ê ex(Bt−Bs ) � Gs Õá�§�Ï"�
ex

2(t−s)/2, ¤±

E[ex(Bt−Bs )|Gs ] = ex
2(t−s)/2,

½ö
E[exBt−x2t/2|Gs ] = exBs−x2s/2.

5. `�ê�´�­�����Ï´§XÓ��1�:

exBt−x2t/2 = 1+ (xBt − x2t/2) +
1

2
(xBt − x2t/2)2 + · · ·

= 1+ xBt +
1

2
x2(B2

t − t) +
1

3!
x3(B3

t − 3tBt) + · · · ,

l
wÑ {Bt}, {B2
t − t} �k {B3

t − 3tBt} Ñ´�.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

¡�Å�m τ : Ω → [0,∞) �Ê�, XJé?¿ t ≥ 0, k

{τ ≤ t} ∈ Gt .

~ 1. �ÄëYL§ {Xt}. é?¿8Ü A ⊂ R, ½ÂÄ¥�

τA(ω) = inf{t > 0 : Xt ∈ A},

K� A ´m8½48�, τA ´Ê�.

¯¢þ, ��w�m t �c�;�=���´Ø´®²��
A, ù�´Ê���*¿Â. ♯
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

¡�Å�m τ : Ω → [0,∞) �Ê�, XJé?¿ t ≥ 0, k

{τ ≤ t} ∈ Gt .

~ 1. �ÄëYL§ {Xt}. é?¿8Ü A ⊂ R, ½ÂÄ¥�

τA(ω) = inf{t > 0 : Xt ∈ A},

K� A ´m8½48�, τA ´Ê�.

¯¢þ, ��w�m t �c�;�=���´Ø´®²��
A, ù�´Ê���*¿Â. ♯
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

½n 7.6.1 (Doob Ê�½n, Optional Stopping Theorem)

XJ {Xt} ´ëY�, τ ´Ê�, @oÊ�L§ {Xτ∧t} �´�.

¿Â: =¦\3ÙÆ¥�½��/�ÐÒÂ0�Ê�üÑ, \�,
Ã{Ô���ú²�Ù|.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

~ 7.6.1 (æN¯K) � a < 0 < b,

Ta, Tb ©O´�:Ñu� Brown $ÄÄg-� a, b ��m.

(1) ^��{¦: P(Ta < Tb).
d��Ï"ØC5, é?Û t > 0,

EBT∧t = 0.

é?Û t Ñk a ≤ BT∧t ≤ b, ¤±� t → ∞ �, d DCT �
� EBT = 0. 


BT = a1{Ta<Tb} + b1{Tb<Ta},

Ïd aP(Ta < Tb) + bP(Tb < Ta) = 0, =

P(Ta < Tb) =
b

b− a
.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

~ 7.6.1 (æN¯K) � a < 0 < b,

Ta, Tb ©O´�:Ñu� Brown $ÄÄg-� a, b ��m.

(1) ^��{¦: P(Ta < Tb).
d��Ï"ØC5, é?Û t > 0,

EBT∧t = 0.

é?Û t Ñk a ≤ BT∧t ≤ b, ¤±� t → ∞ �, d DCT �
� EBT = 0. 


BT = a1{Ta<Tb} + b1{Tb<Ta},

Ïd aP(Ta < Tb) + bP(Tb < Ta) = 0, =

P(Ta < Tb) =
b

b− a
.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

(2) ¦ E[T ], Ù¥ T = Ta ∧ Tb.
I�^� {B2

t − t}, dÏ"ØC5,

E[B2
T∧t ] = E[T ∧ t].

4 t → ∞, �

E[T ] = E[B2
T ] = a2P(Ta < Tb) + b2P(Ta > Tb)

=− ab.

♯

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

(2) ¦ E[T ], Ù¥ T = Ta ∧ Tb.
I�^� {B2

t − t}, dÏ"ØC5,

E[B2
T∧t ] = E[T ∧ t].

4 t → ∞, �

E[T ] = E[B2
T ] = a2P(Ta < Tb) + b2P(Ta > Tb)

=− ab.

♯

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

Ùä»�¯K (Gambler’s Ruin)

|||µµµ: ��Ùä�X�7 x ?\Ù|. Ù|iZ´ú²�(=¦�
ãLL§´ Brown $Ä). ¦�½ü�8I: I� b ÒÂÃ, ½ö
Ñ1� a Òl| (a < x < b).

(((JJJ: Ùä�ª»�£>� a¤
�VÇ�

P(Ruin) =
b− x

b− a
.

777KKKééé«««µùÒ´Ï�½d¥>.^�?n�Ö/.
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Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

~ 7.6.1 (Y) ¦ T � Laplace C�.

Äk, ^���êêê��� {eλBt−λ2t/2, t ≥ 0}.
dÏ"ØC5Ú��Âñ½n, �

E
[
exp(λBT − λ2T/2)

]
= 1,

Ïd

eλaE
[
e−λ2T/2;Ta < Tb

]
+ eλbE

[
e−λ2T/2;Ta > Tb

]
= 1.

▷ ù�Øv±�Ñ E
[
e−λ2T/2

]
.

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

~ 7.6.1 (Y) ¦ T � Laplace C�.

Äk, ^���êêê��� {eλBt−λ2t/2, t ≥ 0}.
dÏ"ØC5Ú��Âñ½n, �

E
[
exp(λBT − λ2T/2)

]
= 1,

Ïd

eλaE
[
e−λ2T/2;Ta < Tb

]
+ eλbE

[
e−λ2T/2;Ta > Tb

]
= 1.

▷ ù�Øv±�Ñ E
[
e−λ2T/2

]
.

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä: 7K�Å©Û�Ä�



ls®$Ä��dÅÄ: ��o7K�Æ Brown $Ä?
;�5�: 4Ùo÷�´»

Brown $Ä��

ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

Ùg, 2�Ä�ê� {e−λBt−λ2t/2, t ≥ 0}, aq��

E
(
exp{−λBT − λ2T/2}

)
= 1

Ú

e−λaE
[
e−λ2T/2;Ta < Tb

]
+ e−λbE

[
e−λ2T/2;Ta > Tb

]
= 1.

lþ¡ü��§íÑ

E
[
e−λ2T/2

]
=

sinh(λa)− sinh(λb)

sinh(λ(a− b))
,

Ù¥ sinhx = (ex − e−x )/2. ddá��� T � Laplace
C�. ♯
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ëY�
�ê�� Doob Ê�½n
Y~: Ùä»�¯K

♡ ∼ The End ∼ ♡
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